Abstract. In this paper we extend the context of Steiner ratio and examine the influence of Steiner points on the weight of a graph in two generalizations of the Euclidean minimum weight connected graph (MST). The studied generalizations are with respect to the weight function and the connectivity condition. First, we consider the Steiner ratio of Euclidean minimum weight connected graph under the budget allocation model. The budget allocation model is a geometric version of a new model for weighted graphs introduced by . It is known that adding auxiliary points, called Steiner points, to the initial point set may result in a lighter Euclidean minimum spanning tree. We show that this behavior changes under the budget allocation model. Apparently, Steiner points are not helpful in weight reduction of the geometric minimum spanning trees under the budget allocation model (BMST), as opposed to the traditional model. An interesting relation between the BMST and the Euclidean square root metric reveals a somewhat surprising result: Steiner points are also redundant in weight reduction of the minimum spanning tree in the Euclidean square root metric. Finally, we consider the Steiner ratio of geometric t-spanners. A geometric t-spanner is a geometric connected graph with the following strengthened connectivity requirement: any two nodes p and q are connected with a path of length at most t × |pq|, where |pq| is the Euclidean distance between p and q. Surprisingly, the contribution of Steiner points to the weight of geometric t-spanners has not been a subject of research so far (to the best of our knowledge). Here, we show that the influence of Steiner points on reducing the weight of geometric spanner networks goes much further than what is known for trees.
Introduction
In our context, Steiner points are auxiliary points added to the original point set.
Fermat was the first to consider the influence of Steiner points on the weight of Euclidean networks. Back in the 17th century he proposed the problem of finding a point that minimizes its distances from three given points in the plane [8] . Today, Steiner points are known mostly within the context of the Steiner tree problem [7, 8] . This problem is a generalization of the original problem proposed by Fermat. The three input points are replaced with any finite set of points in the plane and the objective is finding the 1 minimum weight network connecting all points in the given point set, where the weight is the sum of the weights of all edges. However, as opposed to the minimum spanning tree (MST) problem, in the Steiner tree problem Steiner points may be added to the input set. The optimum solution for the problem is referred to as the Steiner minimum tree (SMT).
Steiner points are known to be effective in reducing the weight of the Euclidean MST for an input point set. Meaning, the Euclidean SMT may be lighter than the Euclidean MST. Throughout this paper, unless otherwise is mentioned, the distances between points in the input point set are defined by the Euclidean metric. Given a point set P , we denote by M ST (P ) the minimum spanning tree of P and by SM T (P ) the Steiner minimum tree of P . The minimum ratio between the weight of the Euclidean SMT and the Euclidean MST among all possible input sets of points in the plane is called Steiner ratio and denoted by ρ. Formally, ρ = inf P {SM T (P )/M ST (P )}. Gilbert and Pollak conjectured in [7] that ρ = √ 3/2 ≈ 0.866, however they have only proved ρ ≤ √ 3/2. A lower bound of r 0 ≈ 0.824 was shown by Chung and Graham in [4] .
In this paper we extend the context of Steiner ratio and examine the influence of Steiner points on the weight of geometric networks other than minimum spanning trees. We observe two geometric networks which are, in a sense, generalizations of Euclidean spanning trees. The first network is the budget spanning tree, which generalizes the traditional spanning trees with respect to the weight function. The second generalization is with respect to the connectivity condition. We strengthen the connectivity requirement to demand that every two points in the input set are connected with a path of length that approximates their Euclidean distance within a factor t. The resulting spanning graph is known in the literature as a t-spanner for P .
In order to present the budget spanning tree we should first introduce the budget allocation model. So far, researchers have considered the binary version of a network (graph), i.e., a link has a binary value that indicates whether the link exists in the network. In real life, when a budget is given to establish a network via links, the attributes of the connection varies with respect to its priority, and therefore, not all links are created equally. For example, consider
In this paper, we slightly modify and extend the model introduced in [3] and address different problems. The authors in [3] considered general weighted graphs, however, their motivation was communication networks which have a geometric nature. We address a geometric version of the model. We define a budget allocation for pairs in a given set of points in the plane or from another perspective, for the edges of the complete Euclidean graph. The geometric version of the budget allocation model may also be considered in the context of a railway system, mentioned earlier. The budget of a railway line between two stations indicates the resources grade. The budget weight of a railway line represents the quality of the ride which is derived from both the resources attributes and the length of the ride. The optimization problem that we address is allocating a fixed budget onto pairs of points from the input set where our objective is to create a minimum weight spanning tree and also examine the addition of Steiner points to the model. We refer to a minimum weight spanning tree induced by an optimal budget allocation as a budget minimum spanning tree (BMST). We consider the influence of Steiner points on the weight of a BM ST measured by the parameter known as Steiner ratio. The Steiner ratio for budgeted trees ρ b is defined as the smallest ratio between the weight of a BMST with and without permitting the use of Steiner points. Apparently, Steiner points lose their power in the budget allocation model, that is, their addition cannot reduce the weight of the BMST, and therefore the Steiner ratio ρ b equals one.
An interesting relation between the BMST and the Euclidean square root metric (i.e., the metric that defines the distance between any two points p and q to be |pq|) is revealed when considering the BMST problem. This relation implies a somewhat surprising conclusion: Steiner points are also redundant in the context of minimum spanning trees in the Euclidean square root metric.
The second geometric network that we consider in the context of its Steiner ratio is the Euclidean t-spanner. An Euclidean t-spanner for a set P of points in the plane is a graph that spans P and whose edge set satisfies the following property: for every two points p, q ∈ P , there exists a path connecting them of a length that approximates the Euclidean distance between them with a factor t. In other words, the shortest path connecting them is of a length of at most t|pq| (see [9] for a more extensive survey on the subject).
Although reducing the weight of a spanner using Steiner point has not been a subject of research so far (to the best of our knowledge), the contribution of Steiner points to the planarity of spanners has been. Arikati et al. [2] showed that by allowing linear number of Steiner points one can obtain a plane ( √ 2+ )-spanner (the stretch factor is defined only in terms of point-pairs in the input point set), where the construction of Arikati et al. requires O(n/ 4 ) Steiner points.
We examine the influence of Steiner points on the weight of t-spanners. We define for every constant t the Steiner ratio ρ t to be the smallest ratio between the weight of a minimum t-spanner with and without permitting the use of Steiner points. It turns out that the influence of Steiner points on reducing the weight of geometric spanner networks goes much further than what is known for trees. We show that for every constant t, ρ t is smaller than the conjectured value of ρ. Moreover, we show that there is no lower bound on inf t {ρ t }. Namely, for every > 0 there exists t > 1 that satisfies ρ t < .
In the following sections we extend the context of Steiner ratio for two generalizations of the Euclidean MST.
Steiner Ratio for Budgeted Trees
In this section we extend the notion of Steiner ratio for a generalization of Euclidean trees, called budgeted trees. This generalization is with respect to the weight function.
In subsection 2.1 the budget allocation model is presented, and budget minimum spanning trees are introduced in subsection 2.2. Apparently, a minimum spanning tree of a given set of points in the plane is also a budget minimum spanning tree (only with different weight function over the edges) as proved in subsection 2.2. However, when allowing the addition of Steiner points to the spanning tree, the budget minimum spanning tree behaves differently than the traditional minimum spanning tree. In subsection 2.3, we show that the Steiner ratio for budgeted trees increases much above the Steiner ratio for trees. Actually, it reaches the maximum possible ratio 1.
Budget allocation
Given a finite set of points in the plane P and a budget B, let k(P ) = (P, E P ) denote the complete Euclidean graph over P . A valid budget allocation for P is a function B :
Let |pq| denote the Euclidean distance between two points p, q ∈ P . Allocating a positive value to a pair of points {p, q} implies that the resulting budgeted weight of {p, q} is w B (p, q) = |pq| B(p,q) , while allocating of a zero value implies w B (p, q) = 0. The weighted distance between a pair of points p, q ∈ P is defined as δ B (p, q) = min{ e∈R w B (e) : R is a simple path from p to q}. The graph induced by B(·) is defined as G = (P, E), where E = {{p, q} ∈ E P : w B (p, q) > 0 }. Throughout the paper, when addressing the weight function of an induced graph we refer to the budgeted weight function w B (·). We denote by w B (G) = e∈E w B (e) the budgeted weight of the induced graph.
Given a graph G = (P, E) and a budget B, a valid budget allocation for G is a positive real function B : E → (0, 1], such that {p,q}∈E B(p, q) = B. This definition differs from the one in [3] , which permits an assignment of a zero value to an edge. This modification simplifies the formalization in this paper, since each edge in the induced graph receives a positive budget allocation.
Budget minimum spanning trees
In this subsection, we consider the budget minimum spanning tree problem (or the BMST problem for short). The objective is finding a budget allocation B(·) that induces the minimum weight spanning graph G of a given point set P , which is referred to as the budget minimum spanning tree (BMST) of P . Note that the M ST problem can be considered as the BM ST problem restricted to binary budget allocation and a budget of size |P | − 1.
In this section we require B = 1. Note that this demand is not restrictive, since any allocation of a budget of size 1 can be scaled to any budget B. Given a point set P , let BM (P )(·) denote the optimal solution for the BMST problem, i.e., for any budget allocation B (·), {p,q}∈E P w BM (P ) (p, q) ≤ {p,q}∈E P w B (p, q), and let W B(P ) denote the value of the optimal solution, meaning, W B(P ) = w BM (P ) (P ). Given a graph G = (V, E), let BM (G)(·) denote a budget allocation that minimizes its weight and let W B(G) = w BM (G) (G). Observation 1. Let P be a finite set of points in the plane. The BM ST of P is a M ST of P (only with different weight function over the edges).
According to Observation 1, BM (M ST (P ))(·) can be extended to BM (P )(·) by assigning BM (P )(p, q) = 0 for every (p, q) ∈ E p , which is not an edge in M ST (P ). In the following lemmas we determine BM (G)(·) and W B(G) for general graphs. Lemma 1 is similar in principle to Lemma 2 in [3] ; however, the interested reader can find the proof of Lemma 1 in the Appendix.
Proof. We prove the above by induction on |E|.
Base case: Let G = (P, {e}), then BM (G)(e) = 1 and W B(G) = |e| = ( |e|) 2 . Induction hypothesis: Assume that the claim holds for every G = (P, E) with |E| < n. Inductive step: Let G = (P, E) be a graph with |E| = n. Let e 1 be an edge in E and let G = (P, E\{e 1 }). By the induction hypothesis, W = W B(G ) = ( e∈E\{e1} |e|)
2 . According to Lemma 1,
The above observation and lemmas imply the following theorem.
The Steiner ratio of budgeted trees
We examine the benefit of Steiner points to weight reduction of budget minimum spanning trees. Explicitly, for a given set of points in the plane P , let W S(P ) = min{w B (G) : G = (P ∪ S, E) is an induced graph of a budget allocation B(·) for P ∪ S for a finite set of points S ⊆ R 2 }. We are interested in the Steiner ratio in the terms of the new model, which is denoted and defined as ρ b = inf P {W S(P )/W B(P )}. The following theorem states that in the budget allocation model not only the Steiner ratio increases above the upper bound on ρ, but it reaches 1, meaning, Steiner points have no contribution to weight reduction of budget minimum spanning trees.
Proof. Let P be a set of points in the plane, we show that for every S ⊂ R 2 , W B(P ) ≤ W B(P ∪ S) and conclude ρ b = 1. Assume towards contradiction that a set of Steiner points S exists, such that W B(P ) > W B(P ∪ S). Let O P = {S ⊂ R 2 : W B(P ) > W B(P ∪ S)} and let S ∈ O P be the set of minimum cardinality in O P that satisfies: ∀S ∈ O P , W B(P ∪ S) ≤ W B(P ∪ S ). We denote by B be the set of all the optimal solutions to the BMST problem for the point set P ∪ S and by d B (s) the degree of the point s in the induced tree of a budget allocation B(·). Let B * (·) be a budget allocation that satisfies ∀B ∈ B, min s∈S d B * (s) ≤ min s∈S d B (s). Let T = (P ∪ S, E) be the tree induced by B * (·) and let s ∈ S be a point with minimum degree in T among points in S. We build a tree T = (P ∪ S\{s}, E ), such that
By Theorem 1 we conclude W B(P ∪ S\{s}) ≤ W B(P ∪ S) in contradiction to the minimality of |S|. In the rest of the proof we omit B * from the notation d B * (s).
Observation Fig. 1 ). We assume w.l.o.g. that e 1 is the shortest edge in E s and has a length 1 (due to scaling).
Throughout the proof we denote h(x, y, α) = 4 x 2 + y 2 − 2xy cos(α) − √ x and use the following observation regarding the behavior of this function.
Next we define a tree T = (P ∪ S\{s}, E ) that satisfies inequality 1. We consider each possible degree of s:
-Degree 2: We define E = E ∪ {(e 1,2 )}\E s . Thus, |e 1,2 | ≤ |e 1 | + |e 2 | ≤ |e 1 | + |e 2 | and inequality (1) follows.
-Degree 3:
We define E = E ∪ {e 1,2 , e 1,3 }\E s (see Fig. 1 ). For inequality (1) to hold we need to show that |e 1,2 | + |e 
By the law of cosines |e 1,2 | = |e 2 | 2 + 1 − 2|e 2 | cos(α 2 ) and |e 1,3 | = |e 3 | 2 + 1 − 2|e 3 | cos(α 1 ). Thus, inequality (2) is equivalent to the following: h(|e 2 |, 1, α 2 ) + h(|e 3 |, 1, α 1 ) ≤ 1. Recall that π/3 < α i ≤ π and |e i | ≥ 1 (for 1 ≤ i ≤ 3). According to Observation 3, h(e i , 1, α i ) is maximized and receives the value √ 2 − 1 in the above domain when e i = 1 and α = π.
Due to space limitations, the cases of degree 4 and degree 5 can be found in the Appendix.
Consider the Euclidean square root metric, i.e. the metric that defines the distance between every p, q ∈ R 2 to be |pq|. Given a set P of points in the plane, observe that the MST of P in the Euclidean square root metric is the MST of P in the Euclidean metric. The proof of Theorem 2 together with the aforementioned observation implies the following theorem. Fig. 1 . The tree T depicted in dashed lines as defined for degree 3 of s.
Steiner Ratio for t-spanners
Given a finite set of points in the plane P , an Euclidean t-spanner for P is a graph G over P that satisfies the following property. Every two points p, q ∈ P are connected by a path of length that approximates the Euclidean distance between them within a factor t. That is, the shortest path connecting them is of length at most t|pq| (see [9] for more extensive survey on the subject). Minimum t-spanners are, in a sense, minimum weight connected graphs (MST) with strengthened connectivity requirement.
Although the contribution of Steiner points to weight reduction of trees have been well studied, no similar results have been shown for t-spanners. We examine the ratios between the weights of minimum t-spanners with and without Steiner points and reveal that they go much further than the Steiner ratio for trees.
Analogously to trees, we define a Steiner t-spanner as a t-spanner whose point set may contain additional points that are not members of the initial point set and a minimum Steiner t-spanner as a Steiner t-spanner with minimum weight. Steiner t-spanners may be considered in two main settings. In the first setting, the Steiner points are referred as members of the original point set and the stretch factor is determined by distances between any pair of points including Steiner points. In the second setting, the stretch factor is determined only with respect to the points in the input point set. Obviously, any graph that admits a Steiner t-spanner for a point set P according to the first setting also admits a Steiner t-spanner for P according to the second setting. We consider the first setting and therefore our results apply for both settings.
Throughout this section we use the following notations. Given a graph G, we denote by δ G (p, q) the length of the shortest path between p and q in G. Given set of points P ⊂ R 2 , let G m (P, t) denote the minimum weight t-spanner for P , let G s (P, t) denote the minimum weight Steiner t-spanner for P , and let W m (p, t) and W s (p, t) denote their weights, respectively. The Steiner ratio for t-spanners is defined as ρ t = inf P {W s (P, t)/W m (P, t)}. In the next subsections we show lower and upper bounds on the ratio ρ t .
Lower bound
Das et al. have introduced in [5] the leapfrog property and the leapfrog theorem for a set of points P in the 3-dimensional Euclidean space and used them to prove that the weight of the greedy t-spanner [1] for a point set P is O(1)·w(M ST (P )).
In [6] , those results were generalized to the k-dimensional space. More detailed proof with some modifications is given in [9] . We use those results to prove a lower bound on ρ t .
Theorem 4 (Theorem 15.1.11, [9] ). Let S be a set of n points in R d , let t > 1 be a real number, and let G = (S, E) be the greedy t-spanner. The weight of G is c t · w(M ST (S)), where c t is a function of t.
The following lemma introduces a lower bound on ρ t .
Lemma 3. For every constant t, ρ t ≥ ρ ct .
Proof. Given a set of points in the plane P and a constant t > 1, let
where inequality (a) is implied by the fact that the MST is the lightest connected graph over P , (b) is derived from the definition of ρ, and (c) follows from Theorem 4.
As previously mentioned, ρ ≥ r 0 ≈ 0.824 and thus we conclude the following. Corollary 1. For every constant t, ρ t ≥ r0 ct .
Upper bound
In this subsection we show upper bounds on the value of ρ t . We prove that for small constant values of t, namely when t → 1, ρ t is remarkably smaller than the conjectured value of ρ, √ 3/2. Actually, for every > 0, there exists a value t (which depends on ) for which ρ t < . Moreover, we show that for every constant t > 1, ρ t < √ 3/2. In the following lemmas, we prove an upper bound b on ρ t by suggesting a set of points P and a Steiner tree ST = (P ∪ S, E s ), such that w(ST ) Gm(P,t) ≤ b, and concluding ρ t ≤ w(ST ) Gm(P,t) ≤ b.
Lemma 4. For every > 0 there exists a constant value t (which depends on ), such that ρ t ≤ .
Proof. Consider a set of points P = {p 0 , p 1 , ..., p n }, where p 0 is the center of a disk D with radius r = n 3 and p 1 , ..., p n lie on a narrow fraction of D's boundary, such that |p i p i+1 | = 1, for 1 ≤ i < n. Given > 0, we show that t = (r + 1 − 1 )/r for 0 < 1 < 1 (to be defined later), satisfies the inequality ρ t ≤ .
Note that for sufficiently large r, (
We suggest the following Steiner t-spanner ST = (P ∪ {s}, E s ). Let r 0 be a point lying on the boundary of D with equal distances from p n/2 and p n/2+1 . We locate s on the segment {p 0 , r 0 }, such that |p 0 s| + |sp 1 | = (r + 1) − 1 and define E s = {{s, p i } : 1 ≤ i ≤ n}. For every
One can verify that ST is indeed a t-spanner for P ∪ S.
Let x = |p 1 s| and z = |r 0 s|, then: (A) x + (r − z) = r + 1 − 1 . Note that
2r and therefore ∠(p 0 r 0 p 1 ) = π/2−(n−1) 4r > π/2 − 1/n 2 . For sufficiently large n there exists 0 < 1 < 1 for which:
Solving the system of equations (A) and (B) yields z = (n − 1)
for some constant c. For sufficiently large n we have c/n < . Hence, by setting n to be the maximum between the value that satisfies c/n < and the value that satisfies equation (A) we receive ρ t ≤ w(ST )/G m (P, t) < .
Next, we show that for every constant t > 1, ρ t < √ 3/2. We begin by showing a tighter bound for 1 < t < 2. Claim 1. For every constant 1 < t < 2 and > 0, ρ t ≤ (t + )/(t + 2). Remark 1. By the above claim, for t → 1 we have ρ t ≤ 1/3 + for every > 0.
Proof. Consider the following set of points P of size n = . Let p 1 , p 2 , ..., p n be the order of the points in P from left to right and let l 1 and l 2 be two lines parallel to the x-axis. For 0 < i ≤ n, the points {p i : i is even} are located on l 2 and {p i : i is odd} are located on l 1 , such that for every 0 ≤ i ≤ n − 1, |p i , p i+1 | = 1 and for every 0 ≤ i ≤ n − 2, |p i , p i+2 | = (2 − )/t (see Fig. 2 ). One can verify that G m (P, t) = (P, E), where
We define a Steiner t-spanner ST = (P ∪ S, E s ), where S is a set of 2(n − 1) points, two on each edge of {{p i , p i+1 } : 0 ≤ i ≤ n−1} in distance 1 = t /(2t−2+
) from each endpoint, and E s is defined as follows. Let q 1 , q 2 , ..., q 2(n−1) be the points P ∪S ordered from left to right, then Fig. 2 ). Due to triangles similarity, the length of the edges from the second type is 1 (2 − )/t. One can verify that ST is indeed a t-spanner for P ∪ S. Thus, we have w(ST ) = (n − 1) + (n − 2) (2 − )/(2t − 2 + ) and therefore,
Lemma 5. For every constant t, ρ t < √ 3/2. Proof. For a constant 1 < t < 2 the lemma follows from Claim 1. The proof for 2 ≤ t ≤ 6.3 was omitted due to space limitation. The main ideas of the proof together with a proof for for t > 6.3 are given next. For a constant 2 ≤ t ≤ 4.1 we define a set P of 7 points with respect to the vertices of a regular hexagon with side length 1 and a parameter 0 < x(t) < 1/ √ 3 depends on t. We locate the points in P inside the hexagon in distance x(t) from its vertices as depicted in Fig. 3 (a) together with the graph G m (P, t) and the Steiner t-spanner that we suggest for P . The value of x(t) ensures w(ST )/W m (P, t) < √ 3/2, which implies ρ t < √ 3/2. For a constant 4.1 < t ≤ 6.3 we define a set P of 8 points on the boundary of a unit circle as follows. Two points are located within a distance x(t) from each other and the other points are equally spaced on the greater portion of the boundary between those two points (see Fig. 3 (b) ). The graph G m (P, t) and the Steiner t-spanner that we suggest for P are depicted in Fig. 3 (b) . The value of x(t) ensures w(ST )/W m (P, t) < √ 3/2, which implies ρ t < √ 3/2. For a constant t > 6.3 we define P = {p 1 , ..., p 2n+1 } as follows. We locate n+1 points equally spaced on the perimeter of a circle between two endpoints of a cord {p 1 , p 2n+1 } of length x, where the distances between every two adjacent points is √ 3. Additional n points are located with respect to every two adjacent points on the perimeter: for every two adjacent points p and q, the third vertex of the isosceles triangle with a base {p, q} and a side length 1 < y < √ 3 is located outside the circle (see Fig. 3 (c) ). We define y =
Claim 2. For sufficiently large n, G m (P, t) = (P, E), where E contains the cord {p 1 , p 2n+1 } and all the equal sides of all the isosceles triangles (see Fig. 3 (c) ).
We omit the proof of the above claim due to space limitations. The intuition for its correctness is the following. The lightest t-spanner that does not include the long edge {p 1 , p 2n+1 } is the graph obtained by substituting one side of length y with the triangle base of length √ 3 (rather than adding some cord edges) in the required number of triangles. This spanner has the same weight as the spanner presented in the claim for sufficiently large n.
By Claim 2, W m (P, t) = 2yn + x. We define a Steiner t-spanner ST = (P ∪ S, E s ), where S is the set of n Torricelli points of each three vertices of a triangle, i.e., inside each triangle prq we locate a Steiner point s, such that ∠psr = ∠rsq = ∠qsp = 2π/3, and E s is a set of 3n edges connecting each Torricelli point to the three corresponding triangle vertices. By the law of cosines the length of three edges inside each triangle are 1, 1 and ( 4y 2 − 3 − 1)/2. Since for every q, r ∈ P ∪ S, δ ST (q, r)/|qr| ≤ 2n x = t, ST is indeed a t-spanner for p ∪ S. Thus, we have w(ST ) = (2 + ( 4y 2 − 3 − 1)/2)n and therefore, ρ t ≤ (2 + y 2 + y + 1)n 2yn + x = (2 + y 2 + y + 1) 2y + ( √ 3 − y)(2 − 2y)/( √ 3 − 2y) < ( * )
The inequality ( * ) holds for every t > 6.3.
x(t) Cases 1 and 2.
Cases 3,4 and 5. After considering all possible values for d(s) and proving for each one that a new tree with smaller or the same weight can be constructed after omitting s, we conclude O P = ∅. Meaning, no set of points in the plane S satisfies W B(P ) > W B(P ∪ S) and the theorem follows.
